Abstract. This paper presents a free vibration analysis of functionally graded Reissner-Mindlin circular plates with various supported boundaries in thermal environments. A FGM consisting of metal and ceramic was considered in the study. Based on the geometric equation, physical equation and equilibrium equation of thick plate, taking into account the transverse shearing deformation, the free vibration equation of the axisymmetric FGM moderately thick circular plates was derived in terms of the middle surface angles of rotation and lateral displacement. The material properties of the plate were assumed to vary continuously in the thickness direction according a power law. By using shooting method to solve the coupled ordinary differential equations with different boundary conditions, the natural frequencies of FGM thick circular plates were obtained numerically. The effects of material gradient property, thickness ratio and boundary conditions on the natural frequencies were discussed in detail.
Introduction
Functionally graded materials(FGMs), a novel generation of microscopically composites in which the mechanical properties vary smoothly and continuously from one surface to another, proposed in the early 1980s [1, 2] . Structures made from these materials can effectively reduce thermal stress concentration so that they can be used in the high-temperature environments such as aerospace, optics, nuclear and civil engineering. So, the studies of the mechanical behaviors of FGM structures under the mechanical and thermal loadings have being attracted more and more attentions of scientists and also have become a new research field of solid mechanics.
Comprehensive studies on the vibration responses of FGM plates are available in the literatures, but most of which have been limited to analysis of beams and thin circular plates. For example, Xiang and Yang [3] carried out the free and forced vibration analysis of a laminated FGM Timoshenko beam with variable thickness under heat conduction. Li and Fan [4] proposed natural frequencies solutions for the free vibration of a FGM beam with a through-width delamination based on the Timoshenko beam theory. Leissa and Narita [5] investigated natural frequencies of a simply supported circular plate using Classical plate theory with ordinary and modified Bessel functions of the first kind. Kermani at al. [6] studied the free vibration analysis of multi-directional FGM circular and annular plates. Dong studied [7] three-dimensional free vibration of FGM annular plates based on Chebyshev-Ritz method. Wang at al. [8] investigated the axisymmetric free vibration of FGM thin circular plates based on the three-dimensional theory. Malekzadeh at al. [9] derived governing equations and boundary conditions by Hamilton principle of FGM circular arches with temperature-dependent properties in thermal environment and then gave the in-plane free vibration solutions. Iman at al. [10] provided an analytic solution for the free vibration of multi-directional FGM circular and annular plates. They used state-space differential quadrature method to find the semi-analytical or numerical solutions based on the three-dimensional theory of elasticity. Lee at al. [11] provided a semi-analytical solution for the free vibration analysis of circular plate with multiple holes by using the indirect boundary integral method. Ramesh and Mohan Rao [12] presented the natural frequencies of vibration of a rotating pre-twisted functionally graded cantilever beam. Ying et al. [13] presented solutions for bending and free vibration of FGM beams resting on a Winkler-Pasternak elastic foundation. By using classical beam theory, Aydogdu and Taskin [14] investigated the free vibration behavior of a simply supported FGM beam. Pradhan and Chakraverty [15] carried out the free vibration analysis of FGM thin elliptic plates with various edge supports.
Compared with the free vibration analysis of FGM beams and thin circular plates, the free vibration analysis of FGM thick plates is rare. Chen at al. [16] investigated the thermal behavior of a thick transversely isotropic FGM rectangular plate based on the three-dimensional elasticity theory. Kim and Lee [17] developed the geometrically nonlinear isogeometric analysis of FGM plates based on physical neutral surface and first-order shear deformation theory. Foroughi Hamid and Azhari Mojtaba [18] analyzed the mechanical buckling and free vibration of thick FGM plates resting on elastic foundation using the higher order B-spline finite strip method. Jha at al. [19] presented deformation and stress analyses of functionally graded thick plates based on the two-dimensional theory. Liu and Lee [20] provided a vibrations analysis of thick circular and annular plates based on three-dimensional theory with finite element method.
To the author's best knowledge, in the previous works only the mechanical vibrations of FGM circular plates are investigated and there have been few researches dealing with the free vibration behavior of moderately thick circular plates, especially the effects of thermal environment are not considered. The few researches are Malekzadeh [21] , who studied the free vibration characteristic of tapered Mindlin plates using DQM. Malekzadeh et al. [22] presented the vibration analysis of FGM thick annular plates subjected to thermal environment based on 3D elasticity theory. Considering the thermal environment effects and using Hamilton's principle, differential quadrature method is adopted to solve the equations of motion and the frequency parameters are obtained. Furthermore, Malekzadeh et al. [23] extended their work to the free vibration of FGM elastically supported FGM annular plates in thermal environment. Shen and Wang [24] reported a free vibration analysis of FGM rectangular plates resting on elastic foundations in thermal environments based on Voigt model and Mori-Tanaka model respectively.
Shooting method is found to be a simple and efficient numerical technique for solving non-linear governing equations. Some works have successfully used shooting method to analyze post-buckling, bending and vibration analysis. For example, Li and Zhou [25] carried out the non-linear vibration and thermal buckling of heated orthotropic circular plates by shooting method. Ma and Lee [26] investigated the nonlinear mechanical behaviors in-plane thermal loading of a beam made of FGM. Sun and Li [27] presented the thermal post-buckling of FGM circular plates subjected to transverse poing-space constraints, but they cannot consider the effect of thermal loading.
Therefore, in the present study, free vibration of a FGM moderately thick circular plate in thermal environment is presented by employing the numerical shooting technique. The material properties are thus assumed temperature-dependent and graded in the thickness direction. The equations of motion are derived using the Hamilton's principle based on the first order shear deformation theory and three different boundary conditions are considered. After that, we employ the shooting method to solve the equations of motion with the related boundary conditions. The effects of uniform and non-uniform temperature rise parameters, gradients of materials properties, thickness ratio and boundary conditions on the natural frequencies are analyzed in detail.
Problem formulation
Consider a FGM moderately thick circular plate on Winkler foundation with radius and uniform thickness ℎ , which is made from a mixture of ceramic and metals. A cylindrical coordinate system ( , , ) with its origin at the center of the mid-plane of the plate is defined, where , and represent coordinates in the radial, circumferential and thickness directions, 4425 respectively. The coordinate system is illustrated in Fig. 1 . 
Temperature field
Since functionally graded materials are most commonly used in high temperature environment, it is essential to take into consideration this temperature-dependency. Thus, the effective material properties of the metal and ceramic, such as elasticity modulus, , thermal expansion coefficient, , thermal conductivity, , Poisson's ratio, , may be expressed as a nonlinear function of temperature:
In which = + Δ and = 300 K (room temperature), the temperature-dependence coefficients , , , and are unique to the constituents. In this section, we assume that the temperature variation is uniform or occurs in the thickness only. Therefore, the temperature distribution along the thickness direction can be obtained by solving a steady-state one-dimensional heat transfer equation:
This equation is solved by imposing boundary condition of − = , = :
( × + 1)
In which Δ = − , = ∑ ( − ) ( × + 1) ⁄ , where and denotes the ceramic and metal thermal conductivity.
Effective material properties of FGMs
According to Voigt rule, the effective material properties of FGMs may be written as:
where the subscripts and denote the ceramic and metallic constituents, respectively, and denotes the ceramic and metal volume fractions of and they can be expressed by + = 1, the volume fraction defined a simple power low by:
where is the gradient index of FGM. Fig. 2 shows the variations of volume fraction of ceramic phase through the thickness of plate for various values of calculated from Eq. (5). For simplicity, the Poisson's ratio is assumed to be a constant for functionally graded materials. The effective material properties follow the distribution law of Eqs. (4) and (5), namely:
Governing equations
According to one-order shear plate theory, it can be assumed that the axisymmetric displacement field are:
In which , and are total displacement components along the coordinates , and , respectively, and are the displacements in the mid-plane of the plate along the coordinates and , respectively, and denotes the slope at = 0 of the deformed line that was straight in the undeformed plate, is the time variable.
The strains can be expressed as follow:
= ,
Considering nonlinear strain-displacement relationships, one then obtains: 
where and are the normal strains and is the shear strain. Based on Hooke's law, the stress-strain relations are expressed by following formulations:
The stress can then be determined in terms of the mid-plane displacement through Eqs. (9a)-(9c), they can be calculated as:
The membrane forces, the bending moments and the shear resultant force can be deduced from thickness integration of Eqs. (13), (14) and Eq. (15) respectively:
Here is the shear correction factor, for Mindlin plate = 12/ , Reissner plate = 6/5. , , and are the stretching, bending-stretching coupling, bending and shear rigidity coefficient respectively; and the thermal membrane force and thermal bending moment can be calculated by following expressions:
Substitution of Eq. (6a) and Eq. (3) into Eq. (17) and Eq. (18) gives following statements:
(1, ) .
Note that = / , = / , = / , ( = 1, 2, 3, 4, 5) are coefficients determined as follows:
Motion equations
The kinetic energy and the elastic potential of the FGM plate may be written as:
where = ( , ) is the mass density of the FGM plate, and Ωdenotes domain of the FGM plate. The load-displacement relationship of the foundation is assumed to be = − ∇ , where is the force per unit area, and ∇ is Laplace differential operator; is the Winkler foundation stiffness and is a constant showing the effect of the shear interactions of the vertical elements.
The elastic foundation energy having shear deformable layers of the plate is expressed as follows:
Hamilton's principle
The free vibration equations of motion will be derived according Hamilton's principle, which has the following form:
where and are the beginning and end of motion time, respectively, in which the virtual kinetic energy is:
The virtual elastic potential and elastic foundation energy may be expressed as follows:
In which:
where:
Applying integrating by parts and collecting the coefficients of , , the governing equations of motion can be expressed as:
:
Inserting Eqs. (16a)-(16e) into Eqs. (24a, b) and regardless of nonlinear terms, the governing equations of motion can be expressed as:
Assume that the vibration of circular plate is harmonic. Then, the dynamic response can be expressed as:
where Ω is the natural frequency, and ( ) and ( ) are the shape functions. Substituting Eqs. (28a) and (28b) into Eqs. (27a) and (27b) gives the governing equations of motion of the problem as follow:
Non-dimensional variables are introduced as follows:
Substitution of the above non-dimensional transformation into Eqs. (29a) and (29b) gives the governing equations of the FGM Reissner-Mindlin circular plates in dimensionless forms as:
In the present study, three traditional boundary conditions are considered. Boundary conditions in dimensions form can be written as:
Clamped edge (C):
Simply supported edge (S):
Free edge (F):
Shooting method
Due to complexity and the coupling of these partial differential equations, it is very different to obtain any analytical solution of this problem. In what follows, a shooting method [25] [26] [27] is employed to numerically solve the problems. Here, the governing Eqs. Consider the initial value problem:
where = , , , , , = 0, , , 0, , and = , is the initial parameter vector.
The unique solution for the initial value problem must exist, namely:
For given value of , we seek components of * = * , *
such that a solution of Eq. (38) satisfies boundary condition Eq. (37b), that is:
Obviously, if = * is a root of Eq. (39), the solution of the boundary-value problem Eq. (36) is then obtained as:
We employ the Runge-Kutta method to integrate the system Eq. (38) of ordinary differential equations, and the Newton-Raphson iteration method to search for a root * of Eq. (39) to find a numerical solution of the boundary-value problem Eq. (36). This approach is called a shooting method.
Shooting method for approximate solutions of free vibration of FGM Reissner-Mindlin plates
In what follows, the material properties of ceramic, , and metallic, Ti-6Al-4V, as given in Table 1 , are used in the numerical computations.
Comparison studies
To ensure the accuracy and effectiveness of shooting method, two examples are solved for free vibration of homogeneous and FGM Mindlin circular plate. ) 0 3000 0 0 0 Example 1. When the power law index equals zero, the functionally graded material is reduced to the homogeneous ceramics Mindlin circular plate. In order to show the accuracy of the present numerical method, by giving = 0, = 0.3, = = 0, = 0.2，the comprehensive comparison between the shooting method results and those in Ref. [29] is given in Table 2 , which includes the cases of above-mentioned three sets of boundary conditions. Obviously, the first four lower-order dimensionless natural frequencies show good agreement with the existing results.
Example 2. The first three order dimensionless fundamental frequency parameters of the FGM thick circular plates for the three traditional boundary conditions are calculated and compared in Table 3 with a set of results [15] based on Rayleigh-Ritz method. The present results are in good agreement with existing results. Tables 2-3 show that the present results agree well existing results, and thus the accuracy of the shooting method technique are confirmed. 
Numerical results and discussions
In this section, the free vibration of a FGM thick circular plate is numerically analyzed in thermal environment. Table 4 shows the first three order dimensionless fundamental frequency parameters of the FGM thick circular plates for clamped boundary condition changing with the power law index in room temperature fields without elastic foundation. It can be seen that all the frequencies decrease with the increasing of power law index , which is due to the fact that the decrease of rigidity of the plate, or the increase of the component of metallic in the plate. Also, along with the increase in the value of , the frequencies decrease. Subjected to room temperature or heat conduction, the fundamental frequencies decrease significantly with increasing the value of in Fig. 3 and 4 . It can be found that for a giving , Ceramic plate provide the largest fundamental frequency while the metal plate hold the smallest one. Table 5 shows the effect of uniform temperature rise on the first three-order dimensionless frequency parameters for FGM Mindlin plate with = 0.2 and clamped ends that frequencies monotonously decrease as uniform temperature rise increase. In order to compare uniform and non-uniform temperature rise effects, average temperature of non-uniform parameters equal to the temperature of uniform case are considered. Table 6 shows the effect of uniform temperature rise and heat conduction on the free vibration of FGM Mindlin circular plates without elastic foundation. It can be observed that for the same value of both uniform and non-uniform rise, the first-three frequency parameters of FGM Mindlin plate decrease with increasing the power law index . One can see that the frequency in case of uniform heating is smaller than that of the non-uniform temperature rise. Table 6 . Fundamental dimensionless frequencies of FGM thick circular plates with clamped edge subject to temperature rise and heat conduction ( = 0.3, = 0.2, The effects of two-parameter elastic foundation on the first-three frequency parameters of the FGM thick circular plates in thermal environment are exhibited in Table 7 . As we expect, the elastic foundation has significant effects on the first-three frequencies of FGM Mindlin plates subjected to uniform temperature and heat conduction, the results are bigger than the frequencies without elastic foundation. Obviously, additional elastic foundation leads frequency rise due to the decrease of the flexibility and the deformation capacity. Table 7 . Dimensionless natural frequencies of FGM thick circular plates with clamped edge ( = 0.3, = 50, = 5) Figs. 5 shows the anterior three-order modes of vibration for a FGM thick circular plate with clamped edge. It can be seen that the first three order mode diagrams with = 0.2 are very close to the one with = 0.3. Also, the mode diagrams are in good agreement with the boundary conditions. supported or free edge. Table 8 shows the effect of uniform temperature rise and heat conduction on the free vibration of FGM Mindlin circular plates with simply supported edge without elastic foundation. It can be found that for the same value of both uniform and non-uniform rises, the first-three frequency parameters of FGM Mindlin plate are decreased by increasing the power law index . Subjected to the same temperature loads, the first-three frequency parameters decrease with increasing the ratio of the thickness to the radius in Table 4 and 7, but it is not always true for the FGM moderately thick circular plates with simply supported edge due to effect of heat conduction in Table 8 . Also, the influence of two-parameter elastic foundation on the first-three frequencies of FGM circular plates in room and uniform temperature rise is exhibited in Table 9 . As we expect, the elastic foundation has significant effects on the first-three frequencies of FGM Mindlin plates subjected to uniform temperature and heat conduction, the results are bigger than the frequencies without elastic foundation. Subjected to room temperature, uniform temperature rises and heat conduction, the second and third-order frequencies for FGM moderately thick circular plates with free edge are calculated (see Tables 10-11 ). It also can be found that the frequency in case of uniform heating is smaller than that of the non-uniform temperature rise. Also, one can see that increasing the thickness of the circular plate, the first-three frequency parameters decrease. Table 9 . Dimensionless natural frequencies of FGM thick circular plates with simply supported edge ( = 50, = 5) Table 10 . Dimensionless natural frequencies of FGM thick circular plates with free edge ( = 0.3, = = 0) Figs. 7 and 8 show the anterior three-order modes of vibration for FGM circular plates with simply supported and free edge. Also, the mode diagrams are in good agreement with the boundary conditions. 
Conclusions
In this paper, the free vibration of functionally graded moderately thick circular plates resting on two-parameter elastic foundations in thermal environment has been presented by employing the numerical shooting technique. Investigations on vibration of FGM thick circular plates in thermal environment with three different boundaries are also introduced. Material primary parameters are assumed temperature-dependent and vary along the thickness of the plate. By employing a shooting method, the non-linear governing equations are solved numerically and the natural frequencies of the circular plates are obtained. The effects of uniform temperature rise and heat conduction, material constant, boundary conditions and elastic foundations on the natural frequency parameters are discussed in detail. Looking into the present results, one may conclude as follows.
1) The natural frequency parameters of vibration are decreases with increasing the ratio of the thickness to the radius for both the homogeneous ceramics plate and FGM plate without thermal environment, but it is not always true for a FGM plate with simply supported edge due to effect of heat conduction. The uniform temperature rise has more effect than the non-uniform temperature rises on the frequency parameters.
2) All the first-three order frequencies of the FGM moderately thick circular plates in thermal environment decrease monotonously with the increase of the value of , the reason is that the increase of the volume fraction of the metal reduces the bending stiffness of the whole plate.
3) The effect of elastic foundation on the free vibration is significant. The natural frequency of vibration for the plate is lower than the plates with elastic foundation. Also, the boundary conditions have large influence on vibration frequency of the thick plates. The natural frequency parameters are maximum with fixed boundary condition but it is minimum under free boundary condition.
4) The solutions can be used as benchmark for other numerical methods.
